For a locally convex space (X, τ) and an increasing sequence (A u ) veN of convex, circled subsets of X the generalized inductive limit topology related to {X, τ) and (A v ) veN is defined to be the finest locally convex topology on X agreeing with τ on the sets A v , vβN. Several results on the classification and the inheritance properties of various types of barrelledness and their evaluable analogs are shown to be consequences only of a few basic properties of such an inductive limit topology and, in this way, are deduced and extended in a unified manner.
GENERALIZED INDUCTIVE LIMIT TOPOLOGIES AND BARRELLEDNESS PROPERTIES WOLFGANG RUESS
For a locally convex space (X, τ) and an increasing sequence (A u ) veN of convex, circled subsets of X the generalized inductive limit topology related to {X, τ) and (A v ) veN is defined to be the finest locally convex topology on X agreeing with τ on the sets A v , vβN. Several results on the classification and the inheritance properties of various types of barrelledness and their evaluable analogs are shown to be consequences only of a few basic properties of such an inductive limit topology and, in this way, are deduced and extended in a unified manner.
Introduction. In recent years several types of barrelledness and their respective inheritance properties have been considered, cf. [4] [5] [6] [7] , [14] , [19] [20] [21] and [23] [24] [25] [26] [27] [28] [29] [30] . The methods of the proofs of these various results are rather different. It is the primary object of this paper to develop a unified approach to a great part of the quoted results and, simultaneously, to present some natural extensions. This is essentially done by showing that, after all, these results are "generalized inductive limit results" in the sense of Garling [9] .
The central notions are that of an absorbent sequence J^f = (A v ) ueN of subsets A v of a locally convex space (X, τ) and the associated generalized inductive limit topology rj^\ DEFINITION. Let (X, r) be a locally convex space with topology τ.
(1) An increasing sequence (A u ) veN of convex, circled subsets of X is called absorbent (resp. bornivorous) if every x e X (resp. every bounded subset of X) is absorbed by A v for some v e N (see [5] ).
(2) If J%f= (A v ) v eN is any increasing sequence of convex, circled subsets of X then we denote by η^ the finest locally convex topology on X agreeing with r on the sets A v for every v e N. (In case j^f -(A v ) veIS is an absorbent sequence in X the topology rj^ has been investigated in great detail by Garling [9] and Roelcke [16] .)
We shall be concerned with the following classes of locally convex spaces: A locally convex space (X, τ) is said to be of type (1) Baire-like ((lb) b-Baire-like) if it is not the union of an absorbent (bornivorous) sequence of nowhere dense subsets of X;
(2 ) quasi-Baire ((2b) b-quasi-Baire) if it is barrelled (evaluable) 499 and not the union of an absorbent (bornivorous) sequence of nowhere dense linear subspaces of X; (3) barrelled ((3b) evaluable) if every (bornivorous) barrel is a neighbourhood of zero in X; ( 4) ^o'barrelled ((4b) # 0 -evaluable) if every (bornivorous) barrel which is the countable intersection of convex, circled, closed neighbourhoods of zero, is itself a neighbourhood of zero in X; (4*) (L) ((4b*) (Lb)) if for every absorbent (bornivorous) sequence J^ = (Aχ ey in X we have η^ = τ;
(5 ) σ-barrelled ((5b) σ-evaluable) if every σ(X r , X) -(β{X\ X) -) bounded sequence in X r is equicontinuous; (6) (C) ((6b) (Cb)) if every σ(X', X) -(β(X' f X)-) bounded subset of X' is relatively-<7(X', X)-countably compact; ( 7) (S) ((7b) (Sb)) if every (β(X\ X)-bounded) σ(X', X)-Cauehysequence in X' is σ(X r , X)-convergent; (8) (LC) ((8b) (LCb)) if for every absorbent (bornivorous) sequence jy= (A,) v6iV in X we have ^: / cr(I, X'), where r(X, X') is the Mackey topology on X; For the classes (n), ne{l 9 •••, 7}, see [19] ; the classes (4*), (4b*), (8) and (8b) have been introduced in [18] ; for the class (5b) cf. [5] ; the new classes (nb), n e {1, 2, 6, 7}, are the "evaluable analogs" of the respective spaces of type (n), n e {1, 2, 6, 7}. Together with the classes (8) and (9) they are the natural supplement of Saxon's classification [19] of locally convex spaces: results about the properties (n) turn out to be consequences only of results about the respective properties (nb), n e {1, , 8} and property (B) . This leads to natural and simplified proofs of classification-and inheritance-results related to Saxon's scheme of barrelledness properties.
Section 1 contains some basic properties of our classification scheme. In § § 2 and 3 we develop the technique which enables us to deduce the countable-codimensional inheritance properties of the types of barrelledness given above in a unified manner as "generalized inductive limit results". Section 4 contains a new characterization of barrelled (resp. evaluable) spaces by a Banach-Steinhaus property related to absorbent (resp. bornivorous) sequences. In § 5 there are given various general examples of classes of spaces of the above scheme.
As for the notation we generally follow Horvath's text [12] . The notion "absorbent sequence" (resp. "bornivorous sequence") is abbreviated by "(as)" (resp. "(bs)"). Throughout this paper linear topological spaces are assumed to be hausdorff. The notion "locally convex linear topological space" is abbreviated by "l. 1* Classification results* Let (X, τ) be an l.c.s. and ,s#' = (Aχ eK an (as) in X. The following results about η^ will be needed (cf. [9] , [16] ):
(la) A τ-bounded subset of X is ^-bounded if and only if it is absorbed by some A v ; (1b) rj^ does not change if any A u is replaced by A u ; (1c) If v is/ is metrizable then η^ -τ and A v is a neighbourhood of zero for sufficiently large v; (Id) rj^ has a neighbourhoodbase of zero consisting of y$ 0 -barrels in (X, τ); if, in addition, (AJ) ueN is a (bs) in (X, r), then rj^ has a neighbourhood-base of zero consisting of bornivorous ^-barrels in (X, τ); (le) If for any λ, μ e N there exists v e N such that A λ + A μ a A v9 then an absorbing disk V in X is an η ^-neighbourhood of zero as soon as Vf] A n is a τ | A % -neigbourhood of zero for every n e N. (2) // (X, τ) has property (Sb) then it has property (LCb).
( (1) see Lemma 6.3 in [18] .)
Proofs.
(1) is a consequence of results (la) and (lb) and of the remarks following Lemma 1.1. (2): Assume that (X, τ) has (Sb) and let jy= (AXe/v be a (bs) in X. If we denote by cpl ^X' the completion of X' = (X, τ)' with respect to the topology of uniform convergence on the sets A v , veN, then by [16] Thm. 7.1, (X, η^)' -cpl ^X'. But by assumption and by the general result [13] , § 18,4(4) on the inheritance of the convergence of Cauchy filters we have cpl ^X' = X'.
Taking into account the results of [18] and [19] it is now clear that every space of type (n) (resp. (nb)) is of type (n + 1), ne {1, , 8} (resp. ((n + 1)6), ne{l, , 7}). Moreover, every space of type (4) (3)). In particular, η^ is metrizable. Hence, by result (lc), A u is a τ-neighbourhood of zero for some v e N.
In [19] Saxon proved the following proposition: A metrizable l.c.s. is Baire-like if and only if it has property (S) (Theorem 27 of [19] ). As an easy consequence only of Lemma 1.4 there can be given the following extension of this result:
.s. then (X, τ) is Baire-like if and only if it has property (B).
By Examples 1.1 and Examples 5.6 and 5.7 of § 5 this corollary also extends Proposition 6.8 of [18] . Moreover, the concepts "6-Bairelike" and property "B" seem to be the natural setting of this result.
Another property of metrizable l.c.s. is also a consequence of the fact that these spaces are &-Baire-like: PROPOSITION 
Any b-Baire-like (DF)-space is normable.
(It should be noted here that an evaluable (DF)-space is in general not bornological.) Corollary 1.5 yields the following Examples 1.2: Every nonbarrelled metrizable l.c.s. is of type (nb) for all ne{l, « ,8}, but not of type (n) for any ne{l, , 9}.
2Φ Basic results on generalized inductive-limit topologies* The first lemma will yield one of the main tools for the techniques of this paper (Theorem 2.4 below). On the other hand, it also contains fundamental results of the papers [5] (a) In a σ-barrelled (<τ-evaluable) l.c.s. the union of an (as) ((bs)) of closed sets contains a barrel.
(b) A cr-barrelled (σ-evaluable) l.c.s. is complete whenever it contains an (as) ((bs)) of complete sets.
These results will be needed in § § 4 and 5. Let us note here that result (b) (and thus Corollary 2.2) is false if X is no longer supposed to be σ-barrelled but only to be of type (C): Examples 5.4 in § 5 show that the weak dual of an infinitedimensional (F)-space has property (C). But such a space has a (bs) of compact sets without being complete. Thus the conclusion of proposition (lb) above also holds true in case X has property (L) ((Lb)). This in particular yields the well known result that the strict inductive limit of an increasing sequence of complete l.c.s. is complete.
Proof of Lemma 2.1. (The proof is a modification of the one given for Theorem 1 in [15] .) Assume on the contrary that there exist sequences (FX BN , F v Hence Fax Λ-UaB n + U n + a n B n = (1 + α Λ )S Λ + Σ7 Λ and thus F Π F n = 0, which is a contradiction. τ& is the finest locally convex topology on X for which the sets are bounded. Proof. It suffices to carry out a proof for the case codim A = 1. Let 1=40 span {x} for some x e X\A. We define:
f) -the finest locally convex topology on X such that Let U be a convex, circled ^-neighbourhood of zero in X, which, by result (Id), can be assumed to be τ-closed. We know already that U Π A is a τ& \ A-neighbourhood of zero.
Case 2. A is r^-closed. Then U Π A + .Γ{#} is a r^-neighbourhood of zero. But U absorbs UΓlA + Γ{x}, hence ί7 itself is a τ^-neighbourhood of zero. Thus we have shown (*). This means that the sets Se^ are ^-bounded. Thus, by result (la), every ΰe^ is absorbed by some (A u + Γ{x}).
Finally, the following result will be needed later on: (This generalizes the fact that, under the assumptions of the lemma, η and τ coincide on ^-compact subsets of X.)
The proof of Lemma 2.6 is a consequence of the following observation: Let (X, τ) be a hausdorff topological space and let (x r ) re r be a net in X. If there is an x e X which is an accumulation point of every subnet of (# r ) reΓ , then {x r ) r&r converges to x. If, given the situation described in Lemma 2.6, {x r ) r&r is a net in A + B which is τ-convergent to x e A + B, then, by the ^-compactness of B, the argument above applies to η and x.
3. Inheritance properties* In this section we are concerned with the inheritance of properties (n), n e {1, * ,9}, and (nb), ne {1, •••, 8}, by linear subspaces of countable codimension.
First let us list some other permanence properties which will be needed later on:
Properties (n), (nb), n e {3, 4, 5, 7, 8}, (4*) and (4b*) are inherited by locally convex final topologies, hence by inductive limits, direct sums, quotients and products. (As for the conclusion for products see [3] .) Properties (n) and (nb) for n e {1, 2} are, in general, not inherited even by countable inductive limits: Examples 5.2 of § 5 include a (Ptak, nuclear) regular (LB)-space which is not 6-quasi-Baire.
As for products, however, there is the following positive result:
(This is a consequence of Theorem 2.9 of [19] and the following two results.)
If (X, τ) is a ^-barrelled (σ-evaluable) l.c.s. such that its completion is Baire-like resp. quasi-Baire, then (X, τ) is Baire-like resp. quasi-Baire (6-Baire-like resp. 6-quasi-Baire). (This is a variant of Corollary 2.d. of [5] .) If a dense linear subspace A of an l.c.s. (X, τ) has any of the properties (n), (nb), n e{l, , 5}, then so does X. In particular, the completion of an l.c.s. of type (nb) is of type (n), ne{l, •••, 5} (see Lemma 1.4) .
In general, none of the properties of our classification scheme is inherited by (closed) linear subspaces. Yet there can be obtained positive results in the countable-codimensional case. These will now be derived in a unifield manner as easy consequences of the results in §2. (1) If X is of type (n), n e {1, , 9}, or {L}, then A is of the same type.
(2) If A has property (b) and X is of type (nb), n e {1, , 8}, or (Lb), then A is of the same type.
(3) If X is of type (nb) (resp. (Lb)) and has property (B), then A is of type (n) (resp. (L)), ne{l, « 8}.
Propositions (1) and (2) unify and extend the corresponding results in [4] , [7] , [14] , [19] [20] , [23] [24] [25] , ]29-3o]. The cases (n), n e {8, 9}, (4*), (nb), n e {1, 2, 5, 6, 7, 8}, and (4b*) are new.
Proposition (3) is a consequence of (1) and Lemma 1.4. Theorem 4 of [23] is a special case of (3) for n = 4. Since we want to prove somewhat more general results, the proof of Theorem 3.1 will be carried out in two steps. For a σ-barrelled l.c.s. this is Theorem 1.1 of [19] , Theorem 6 of [7] for a barrelled l.c.s. and Proposition 2 of [20] for Mackey spaces with property (S). PROPOSITION 
Let (X, τ) be an l.c.s. of type (LC) ((LCb)) and let A be a closed linear subspace of X (with property (b)) of countable codimension. Let B be any complement of A and let ΎJ be the finest locally convex topology on X such that η\A = τ\A.
(
1) η is compatible with the dual pair (X, X') and (X, η) = AQ)B is a topological decomposition with respect to rj and η\ B = p B > where p B denotes the finest locally convex topology on B.
2) Any extension of a continuous seminorm on A to a seminorm on X is r(X, X')-continuous. (3) Any extension of a continuous linear functional on A to a linear functional on X is continuous.
(For the special case of a space of type (S) (3) is Lemma 2 of [20] .) Proof of Proposition 3.2. We prove the case codim A = ^0. Let (xX eN be a Hamel base for B. Then the sequence (A + Γ{x^ , xJXeN is an (as) in X. If A has property (b), then, by Theorem 2.5, it is also a (bs) in X. Case (L) ((Lb)): Let η be the finest locally convex topology on X agreeing with τ on A. Then, by By result (Id) η has a neighbourhood base of zero consisting of (bornivorous) fc^-barrels in (X, σ(X, X')). Hence, by assumption, σ(X y X')aηaτ.
Again, Theorem 2.4 (2) completes the proof.
Proof of Proposition 3.3. We prove (1), the other assertions follow easily. As in the proof of Proposition 3.2, case (L) ((Lb)), we get r] c τ(X, X f ). Theorem 2.4 (2) completes the proof.
Proof of Theorem 3.1. By the above remark on property (b) and by Lemma 1.4 we need only prove (1), case (B), and (2). (B) has a straightforward proof. The cases (nb), ne{l, , 5}, and (4b*) are consequences of Proposition 3.2 and the results quoted at the beginning of this section. The cases (nb), n e {6, 7}, are proved in a way similar to Proposition 3 in [14] by taking into account Proposition 3.3 (3) . Case (LCb): This property does not change if τ is replaced by any other locally convex topology on X which is compatible with the dual pair (X, X'). Hence, with the notations and definitions of Proposition 3.3, (X, η) has property (LCb) and thus (A, τj\A) = XIB has this property. But rj j A is compatible with the dual pair (A, A'). (2) //, in addition, codim A <Ξ ^0, then A is of type (S) (resp. (Sb)), whenever X is of this type. (
Case 2. A is dense in X:

1) // (X, τ) is of type (LC) and (Aχ eN is an (as) in A, then (A u ) ueN is an (as) in A.
( 2. Webb ([29] , Theorems 9 and 10) proves that under the additional hypothesis that X' -X + , the space of all sequentially continuous linear functionals on X, the conclusion of Theorem 3.1 (2) is valid for subspaces A such that codim A ^ ^0 in cases "evaluable" and "^o-evaluable". f^ condition X' = X + can be replaced by a weaker one: (1) We denote by C its cone of continuous seminorms, by σ c the topology of pointwise convergence on X G = G -C, and for every A c X by A°c the set A°c = {h e C \ ha ^ 1 for every aeA} (see [18] ).
2) // XX, τ) is of type^ (LCb), if A has property (b) and if (A,χ eN is a (bs) in A, then (Aχ eN is a (bs) in A.
(2) If J^= (A u ) ueN is an (as) in X we say that a filterbase ô n X' (resp. on C) is ultimately j^-bounded if for every v e N there exists Fe^ and a > 0 such that FaaAl (1) (X, τ) is barrelled (resp. evaluable). (2): Let J*f= (Aχ eN be an (as) (resp. (bs)) in X, let (h r ) reΓ be an ultimately J^-bounded σ(X', X)-Cauchy net in X' and define for 7 e Γ F r to be the set F r = {h β \ β e Γ, 7 ^ β}. Moreover, let heX* be the σ(X*, X)-limit of (h r ) reΓ .
By assumption (2) => (1) is straightforward. Taking into account results in [17] , the proof of (1) <=> (3) is essentially the same as for the implications (1) <=» (2).
The following is Definition 1 of [2] : Let (X, τ) be an l.c.s. and W the filter of β(X', X)-neighbourhoods of zero in X'.
(i) A net (x' r ) re r i n -3Γ' is said to be ultimately bounded, if for every WeW there is aeK and 7 0 eΓ such that x' r eaW for every 7 ^ 7 0 .
(ii) (X, τ) is said to be an (ab)-space if it is a Mackey space and if every ultimately bounded σ(X\ X)-Cauchy net in X' is σ(X\ X)-convergent.
For the special case of ( the sense of [10] , see [8] ), then (X', β(X', X) ) is quasi-Baire.
5.1 (2) The strong dual of a nonnormable metrizable l.c.s. is not 6-Baire-like.
In particular, if X=C%(K), K a compact subset of R n ([22] , p. 94), then (X', β(X\ X)) is a Ptak-, nuclear, regular (LB)-(hence also ultrabornological (DF)-) space which is quasi-Baire but not 6-Baire-like ("Regular (LB)-space" in the sense of [8] .) (5.1(1) follows from Lemma 1.4 and the fact that (X f , β(X', X)) is barrelled. 5.1(2) is a consequence of Proposition 1.6.) 5.2. Barrelled but not b-quasi-Baire. If the strong dual of a metrizable l.c.s. X is 6-quasi-Baire, then there exists a continuous norm on X. Hence, the strong dual of a distinguished metrizable l.c.s. on which there exists no continuous norm is barrelled but not δ-quasi-Baire. In particular, if X = C°°(R n ), then (X' 9 β(X', X)) = g", the space of distributions with compact support, is a Ptak-, nuclear, regular (LB)-(hence also ultrabornological (DF)-) space which is not δ-quasi-Baire.
5.3. The strong dual of a nondistinguished metrizable l.c.s. is y$ 0 -barrelled but not evaluable.
For examples of σ-barrelled but not fc$ 0 -evaluable l.c.s. we refer to [21] . . Let (X, τ) be a σ(X, X')-sequentially complete (F)-space which is not reflexive, and let rj be a locally convex topology on X' such that σ(X', X) c:? c τ(X', X). Then (X', η) has (S) but not (Cb). So there are even complete Mackey spaces which are of type (S) but not (Cb). As concrete examples let (X, τ) = L\μ) or (X, τ) -ί L with the usual norm topologies. (Sb) . Let (X, τ) be a sequentially complete l.c.s. which is not σ(X, X')-sequentially complete, and let η be a locally convex topology on X' such that σ(X', X) oycτ(Γ, X). Then (X ; , η) has property (LC) but not (Sb). So there are even Mackey spaces with property (LC) (and thus with property (L)) but not (Sb). As concrete examples for (X, τ) let (X, τ) = C[0, 1] or c 0 .
(LC) but not
Proof. 1. Let Szf = (AXe/v be an (as) of closed sets in (X', rj) and let U be any r-neighbourhood of zero. Then, by Lemma 1.1, U° is absorbed by some A v . Hence, the topology σ^ of uniform convergence on the sets A u9 veN, is finer than τ. Thus (X, σj) is complete and, by Theorem 7 of [16] , (X', rj) has property (LC). 2. That (X', rj) does not have property (Sb) follows from Lemma 1.4. Final remarks. In the following let & always denote a family of bounded disks in an l.c.s. X which is directed upwards by inclusion and whose elements cover X.
Define an (as) (A v ) veN to be ^-bornivorous (abbrev. "(^-bs)") if every Be& is absorbed by some A v . Then there is an obvious common generalization of the spaces of the "barrelled type" and of the "evaluable type" of our classification scheme to spaces of the "^-barrelled type", the two former types corresponding to the cases of ^ -all bounded and finite dimensional disks resp. ^ -all bounded disks. Most of the classification-and inheritance-results of this paper can be formulated for the spaces of this "^-barrelled" type.
In particular, if we define an l. This result and the class (LC^f) seem to be of special interest: after this paper had been completed the author learned of the forthcoming paper [31] of M. Valdivia 1 . On one hand Valdivia treats the finite-(resp. countable-) codimensional inheritance problem for spaces of type (nb) (resp. of type (n)), n e {3, 4, 5}, too. On the other hand, one of the main objects of Valdivia is the inheritance of Mackey-completeness of the dual of an l.c.s. with respect to the topology σ& of uniform convergence on the sets B e &. Now, concerning this kind of completeness we have the following result:
(X', σ J) is Mackey-complete if and only if (X, τ) has property ( * } By means of this proposition some of the results of [31] -in slightly extended versions-can be deduced from the correspondinĝ -versions of our results in § 3: e.g. Proposition 3.5 X above extends Theorems 1 and 8 of [31] . An extended form of Theorems 5 and 13 of [31] is the following .^-version of Theorem 3.1 (1), cases (LC) and (LCb):
If A is a linear subspace of (X, τ) of countable codimension and with property (&), then A' is σ yJf]A -Mackey'-complete whenever X' is σ ^-Mackey-complete.
For the sake of completeness we add a proof of the necessity part of Proposition (*) above: Let jy= (A v ) veN be a {0 -bs) in X.
(i ) For every ΰe^ and every λ ei2 (ii) I v(x* -x[)(va) \ < V 1 for every a e A,. By (i) and [11, p. 225] we conclude that {x[) v^N is Mackey-convergent to x* in compl σ^X \ Hence, if (X', σ & ) is Mackey-complete, we have x* e X'.
